We present complete constraints imposed from observations of the cosmic microwave background radiation (CMBR) on the chaotic inflationary scenario with a nonminimally coupled inflaton field proposed by Fakir and Unruh (FU). Our constraints are complete in the sense that we investigate both the scalar density perturbation and the tensor gravitational wave in the Jordan frame, as well as in the Einstein frame. This makes the constraints extremely strong without any ambiguities due to the choice of frames. We find that the FU scenario generates tiny tensor contributions to the CMBR relative to chaotic models in minimal coupling theory, in spite of its spectral index of scalar perturbation being slightly tilted. This means that the FU scenario will be excluded if any tensor contributions to CMBR are detected by the forthcoming satellite missions. Conversely, if no tensor nature is detected despite the tilted spectrum, a minimal chaotic scenario will be hard to explain and the FU scenario will be supported. PACS number(s): 04.50.+h, 98.70.Vc, 98.80.Cq 
I. INTRODUCTION
In spite of its many successes, the standard big-bang theory has faced serious problems, namely, the horizon, flatness, and monopole problems. In the beginning of the 1980s, an epoch-making idea called the inflationary scenario was advocated to solve these cosmological puzzles [1, 2] . Later it was recognized that the concept gives us not only a solution to such puzzles, but also to the origin of density perturbations [3] [4] [5] [6] .
Among the various models of the inflationary scenario, Linde's chaotic model [7] has been regarded as a feasible and natural mechanism for the realization of inflationary expansion. This model still has a serious problem; i.e., one has to fine-tune the self-coupling constant λ of the inflaton unacceptably small to have a reasonable amplitude of the density perturbations.
On the other hand, the feasibility of inflation has been investigated in alternative theories of gravity, e.g., the Brans-Dicke scalar tensor theory [8, 9] , and nonminimal coupling theories of gravity [10, 11] . Fakir and Unruh (FU) [12, 13] proposed a way to avoid fine-tuning λ by introducing a relatively large nonminimal coupling constant |ξ| > 1 in the context of the chaotic inflationary model. According to their results, the large value of ξ, i.e., order of 10 3 , allows us to have a reasonable value for the coupling constant λ = 10 −2 . Thus the FU scenario remains a reasonable model of the inflationary scenario.
Constraints on the FU scenario are discussed by some authors [14, 15] using the scalar perturbations generated during the inflationary phase. We investigated the spec- * Email address: komatsu@astr.tohoku.ac.jp † Email address: tof@astr.tohoku.ac.jp trum of tensor mode cosmic microwave background radiation (CMBR) anisotropy [16] . Hwang also discussed the tensor mode power spectrum from inflation based on generalized gravity theories in a unified manner [17] .
In discussing the constraint on generalized gravity theories including the FU scenario, one has to be careful about ambiguities associated with the conformal transformation. Sometimes the analysis is made in the conformally transformed frame in which the gravity may be described by the Einstein action. However, it has long been known that the conformal transformation often changes the physical phenomena in different frames (e.g., Ref. [18] , and references therein). Thus it is quite important to make the frame dependences of the results one obtains clear.
The purpose of the present paper is to investigate the constraints on the FU scenario by taking into account the frame dependency. Namely, we shall investigate the CMBR anisotropy caused by both the scalar and tensor perturbations in two different frames, the Jordan and Einstein frames, which seem to have special physical importance among various transformed frames. From this point of view, this work can be regarded as the complete treatment of the observational constraints on the FU scenario. A number of investigations have shown that high precision CMBR temperature anisotropy and polarization experiments, e.g., two satellite missions of NASA's Microwave Anisotropy Probe (MAP) [19] and ESA's Planck Surveyor [20] , can be used to determine many cosmological parameters to unprecedented precision [21] [22] [23] . We are especially interested in amplitudes and spectral indices of scalar and tensor perturbations. It is relatively hard to determine these parameters due to the cosmic variance and the cosmic confusion [24] [25] [26] by means of a temperature spectrum only. Including polarization informations allows us to detect tensor contributions directly because a tensor mode can generate the magnetic mode of polarization while a scalar mode cannot [27] [28] [29] . However, it is still hard to detect such a magnetic mode directly because of its predicted tiny amplitude. Even Planck, with the most sensitive experiment not only for temperature anisotropy but also for polarization, can detect tensor contributions only if the tensor to scalar ratio is greater than 0.2 [28, 29] .
For later convenience we summarize the relevant facts of the CMBR experiments here. The experiments can measure the angular power spectrum of the temperature or polarization correlation function C l ,
where the angle brackets denote ensemble average. The Cosmic Background Explorer (COBE) Differential Microwave Radiometer (DMR) group expressed the observed quadrupole moment in terms of Q rms−PS ,
According to the COBE four-year results [30, 31] ,
for the Harrison-Zel'dovich spectrum. This gives C obs 2 = 1.1 × 10 −10 µK 2 . This paper is organized as follows. In Sec. II we review the background solutions of the inflationary expansion in both the Jordan and Einstein frames. In Secs. III and IV, we show the amplitude of the scalar curvature perturbation and the tensor gravitaional wave generated during the de Sitter phase, and discuss the constraints by means of the observed CMBR quadrupole moment. Section V derives the predicted tensor to scalar ratio and describes the possibility of detecting tensor contributions. To compare our results with well-known results in minimal coupling theory and to interpret their physical meanings, we also discuss a consistency relation which includes the spectral index in Sec. VI. Finally, Sec. VII contains conclusions. Table I summarizes our results of the predicted observables based on the FU scenario. We shall follow Misner, Thorne, and Wheeler [32] for the definition of the Riemann tensor, Ricci tensor, and Ricci scalar, but the metric convention is chosen as g = (+−−−).
II. BACKGROUND INFLATIONARY SOLUTIONS

A. Jordan frame solutions
At first, we shall review the background inflationary solutions in the original Jordan frame. This section follows our previous paper [16] . We shall consider the following action:
where κ 2 ≡ 8πG. Our definition of ξ is the same as Fakir and Unruh [12] , that is, conformal coupling means ξ = −1/6. Note that Futamase and Maeda [10] used an opposite sign for ξ. For the spatially flat RobertsonWalker metric
we can derive the fundamental background equations
where overdots denote time derivatives in the Jordan frame and V ,φ ≡ ∂V /∂φ. Now we shall employ the potential V (φ) = λφ 4 /4 and apply ordinary slow-roll approximations to the background equations. This gives us
It is straightforward to find the self-consistent inflationary solutions under the condition κ 2 ξφ 2 1. Defining ψ ≡ κ 2 ξφ 2 , the above equations take the following simple forms:
These solutions lead to the well-known exponential expansion in the Jordan frame. The amount of expansion from any epoch to the end of inflation is calculated as
(2.8)
Note that for the initial value of ψ,
must be held to solve the cosmological puzzles.
B. Einstein frame solutions
We shall perform the conformal transformation to the Einstein framê
Hereafter we put hats on variables defined in the Einstein frame. The conformal transformation gives
where
where the last equality of Eq. (2.13) is derived from the condition κ 2 ξφ 2 1. To make the kinetic term of scalar field canonical form, we redefine the scalar field as
Then it can be clearly seen that the new potential (2.13) is still flat enough to lead to sufficient exponential inflation. When we investigate the dynamics of the universe in the Einstein frame, we should transform our coordinate system to make the metric the Robertson-Walker formâ
and we obtain
Note that the physical quantities in the Einstein frame should be defined in this coordinate system. Now the Einstein equation can be derived in the usual manner under the slow-roll approximations,
We can conclude that the exponential behavior of the expansion is retained in both frames [10] . Note that we can put a constraint on λ/ξ 2 by means of requiringV < m
This constraint is too weak compared with the observational constraints discussed below.
III. SCALAR PERTURBATION
The scalar curvature perturbation R(t, x) generated as the quantum noise during the de Sitter phase is wellknown in the Einstein frame. Let us choose the longitudinal gauge
We can construct the gauge-invariant scalar curvature perturbation from the metric and the inflaton field perturbation as follows:
Since we already have the prescriptions to quantize Φ and δφ in the Einstein frame [33, 34] , we can calculate the amplitude of scalar curvature perturbation
where k is a comoving wave number. Note that the metric perturbations defined in the Einstein frame have to be calculated in the coordinate system {x µ } :
and for instance,
Makino and Sasaki [33] and Fakir, Habib, and Unruh [35] proved that the amplitude of scalar perturbation in the Jordan frame exactly coincides with that in the Einstein frame. We can see such conformal invariance in the simple calculation
This proof allows us to calculate the scalar power spectrum in the Jordan frame quite easily,
where we used slow-roll approximations, and we have a corrected missing factor of 2 in the original paper of Makino and Sasaki [33] . The curvature perturbation gives the Newtonian potential perturbation Ψ [33, 36] ,
Since the observed CMBR quadrupole anisotropy is dominated by the Sachs-Wolfe (SW) effect [37, 38] , we can simply estimate it as
where d H is the present Hubble horizon scale. We can thus constrain the set of parameters
where the inequality takes into account the contribution from a tensor mode. If we adopt λ = 10 −2 , it gives ξ > 5 × 10 3 .
IV. TENSOR PERTURBATION
For completion, let us show our previous result [16] of the amplitude of tensor perturbation in the Jordan frame. In the synchronous gauge, the metric becomes
where τ is a conformal time and h ij is a transversetraceless perturbation. Note that h ij is invariant under any conformal transformations [34] . The power spectrum of the tensor perturbation can be derived as well as the scalar one,
where λ = +, × are modes of the polarization. Since a tensor perturbation also causes temperature anisotropy via SW effect as well as a scalar one, we can constrain λ/ξ 2 from the CMBR observations [16, 39] .
where the inequality also takes into account the contribution from the scalar mode. λ = 10 −2 gives ξ > 2×10 2 .
V. CONSTRAINTS FROM THE COSMIC MICROWAVE BACKGROUND
Now we are in a position to predict the ratio of the amplitude of the tensor perturbation to that of the scalar one. It can be obtained from Eqs. (3.9) and (4.2),
We should keep in mind that this result does not depend on the choice of frames and does not depend on ξ directly in the limit of ξ 1 but depends on N (t k ) only. Equations (3.12) and (4.3) give the simple relation between C tensor 2 /C scalar 2
We already know that the FU scenario requires ξ 1 to avoid the fine-tuning of λ, and the perturbations which contribute to the present CMBR quadrupole moment have left the Hubble horizon scale at around N (t k ) = 70. We can thus conclude that the FU scenario predicts r 0.002, which is too tiny to be detected by even the Planck Surveyor. In other words, if MAP or Planck could detect any tensor contributions to the CMBR, it would mean that the FU scenario could be excluded from good candidates of the inflationary model.
VI. SPECTRAL INDICES
In the previous sections, we discussed only the amplitudes of perturbations. Here let us consider the firstorder solutions in the slow-roll approximations. The behavior of perturbations are fully governed by the simple Schrödinger type equation, and the first-order nature appears in the time-dependent mass term R /R,
where ∆ is a scalar or tensor perturbation [40] , and dashes denote conformal time derivatives. Writing R = a √ Q, the usual slow-roll parameter [41, 42] and a new parameter α can be defined as
and α give rise to the spectral index of the scalar and the tensor mode 4) and the consistency relation †
All we should do is calculate ∆ and Q for both the scalar and tensor modes in both frames.
A. Scalar perturbation
Hwang calculated ∆ and Q for scalar perturbation in the Jordan frame directly [44] , * Correspondences to literatures areαs = + δ [41] ,αs = 2 − η [15, 42] , andαs = −δ/2 [25, 43] .
† It is widely known that there is a specific relation between r, ns and nt. Such a relation is called a consistency relation. We should emphasize that αs = αt in general and the widely used simplest relation nt = ns − 1 must not be universal.
where R δφ=0 is the scalar curvature perturbation in the uniform scalar field gauge, i.e., δφ = 0 and Ω = 1 + ψ is the conformal factor defined previously.
In the Einstein frame, we can use the well-known results from the minimal coupling theorŷ
Q S is conformally transformed asQ S = Q S /Ω, and it
givesâ Q S = a √ Q S , i.e.,R = R. Defining another slow-roll parameter which appears in Eq. (6.6) as
we can conformally transform the slow-roll parameterŝ 10) and the spectral index is also transformed aŝ
Thus, we can conclude that n s is invariant under the conformal transformation up to the first-order of the slowroll approximations. Now we are in a position to calculate n s explicitly,
12)
(6.13)
With these quantities, we can rewrite the amplitude of perturbations as 14) and Eq. (5.2) giveŝ r 14ˆ = 7(1 −n s − 2α s ). (6.15) Note thatr depends on the potential steepnessˆ only. We find that slow-roll parameters do not depend on ξ directly in the limit of ξ 1 but depend on N (t k ) as well as r. Here note that O(ˆ ) ∼ O(α 2 s ). Although it seems to be inconsistent with the first-order analysis, any higherorder terms than first-order are not important here, so it is sufficient for our purposes.
Finally, the spectral index of the scalar curvature perturbation can be calculated : n s = 0.97, r=r = 0.002 (6.16) at N (t k ) = 70. Although n s is slightly tilted, the predicted r is still too small. Let us refer to a consistency relation here. We can see from Eq. ( [25, 43] ).
It is worth comparing the above results with the wellknown results in a minimal chaotic scenario. Employing Since 2α m,s /(1 −n m,s ) ∼ 0.3, we still should not use the simplest relation. These results are very interesting. While both the FU and minimal chaotic scenarios give similar tilted spectra, the amount of the tensor contributions to the CMBR is quite different. This is because of the difference of the order of between each of these theories. Physically, the scalar field in the FU scenario moves much slower than in the minimal one. It can be found in the flatness of the potential
20)
Equation (6.3) shows that the tilted spectrum is produced by both the steepness and curvature of the potential shape, but Eq. (6.15) shows that the tensor to scalar ratio is determined by the steepness only. This is why the tensor contributions to the CMBR are quite different between each of the theories. As a result, we can determine which theory governs our universe by means of the observation of CMBR temperature anisotropy and polarization.
B. Tensor perturbation
We have already derived ∆ and Q for tensor perturbation in the Jordan frame [16] , (6.22) and in the Einstein framê
We thus findQ T = Q T /Ω andα t = 0 = α t − β. The spectral index of the tensor mode can be calculated in both frames,
n t is also conformally invariant and we can see that the tensor perturbation is almost scale invariant in the FU scenario. There is another expression of the consistency relation r =r −7n t 0.002. (6.25)
VII. CONCLUSIONS
We have investigated the feasibility of the FU scenario, which is the chaotic inflationary scenario characterized by a large value of the nonminimal coupling constant, by means of the forthcoming CMBR experiments. We have calculated the ratio of the quadrupole contribution of the tensor mode to one of the scalar mode. As a result, if any experiment could detect the tensor gravitational wave contributions to the CMBR under current sensitivities, the FU scenario would be excluded from good candidates of the inflationary model. In addition, we discussed the spectral index of the scalar perturbation to make sure of the consistency of our results. Even if the spectral index is tilted by n s = 0.97, the tensor contributions are still too small to be detected. This is derived from the flatness of the potential slope in the FU scenario. However, if no evident tensor contributions were detected despite the tilted spectrum, a minimal chaotic scenario would fail and the FU scenario would be more plausible. Table I shows the summary of our results.
We found that the physical observables r, n s , and n t do not depend on ξ in the limit of ξ 1 but depend on N (t k ) only. It should be emphasized that all of them do not depend on the choice of frames, that is, they are conformally invariant, so our results can be compared to observations directly without any ambiguities.
All of the results derived here are valid in both the Jordan and Einstein frames, and include both the scalar and tensor contributions one up to the first-order in the slow-roll approximations. In this sense, this work could be stated as complete.
